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Two fifth-order spatial weighted essentially nonoscillatory schemes for the convective terms were added to the

OVERFLOW2 implicit overset Navier–Stokes flow solver. Themethod used to incorporate the schemes is similar to

a monotone upstream-centered scheme for conservation laws and requires no modification of the viscous terms,

transport equations, or turbulence models in the code. The new flux calculation schemes were applied to problems

involving vortex convection, strong shocks, and large scale unsteady flows. The weighted essentially nonoscillatory

schemes were found to have much lower numerical dissipation/dispersion than traditional third-order spatial

monotone upstream-centered schemes for conservation laws. Bothweighted essentially nonoscillatory schemes were

numerically robust over a wide range of Mach numbers when solved using the existing implicit schemes within

OVERFLOW 2. The weighted essentially nonoscillatory schemes also provided improved numerical accuracy over

traditional third-order spatial monotone upstream-centered schemes for conservation laws on the same

computational grid for all the applications examined here. The weighted essentially nonoscillatory schemes are 10–

30% more expensive than the third-order spatial monotone upstream-centered schemes for conservation laws

depending on choice of implicit solver.

Nomenclature

a = coefficients in a series expansion
b = wing semispan
Ch = wing chord
Cb1 = Spalart–Allmaras turbulence model constant
Cvor = rotational flow correction constant
c = speed of sound
ĉ = Roe averaged speed of sound
D = diameter
dt = computational time step
E = total internal energy
F = flux vector
g = WENOM mapped weights
H0 = total enthalpy
h = approximation function for conserved variable
L = length
P = turbulent production
p = pressure
Q = conserved variable vector
q = variable to be extrapolated
q̂ = extrapolated approximation of variable
�R = radius
S = wave speed
St = strain magnitude

U = velocity
Û = Roe averaged velocity
w = modified weights for WENO
x, y, z = spatial directions
� = smoothness indicator for WENO
� = vortex strength
� = optimal weights for WENO and WENOM
�x, �y, �z = spatial direction increments
" = small number
� = angular location in degrees
~� = Spalart–Allmaras turbulence variable
� = density
� = vorticity magnitude
! = local vorticity

Subscripts

i = spatial index
k = counter index for WENO and WENOM weights
L = left state
R = right state

Superscripts

Ref = reference value
0 = vortex center location
* = intermediate state
1 = freestream value

Introduction

H IGHER order numerical schemes offer two principal
advantages over lower order schemes. Higher order schemes

can provide more accurate solutions using fewer grid points for both
steady and unsteady flow solutions. Higher order schemes also
provide much lower numerical dissipation for unsteady flow
applications. The lower numerical dissipation allows small
disturbances to propagate over large distances. This is critical to
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several application areas including tip vortex tracking, large eddy
simulation (LES), high angle-of-attack flight, and acoustics. Current
efforts at modeling these unsteady problems with state-of-the-art
second- and third-order spatial algorithms require extremely fine
grids to minimize the numerical dissipation and dispersion. For
instance, if the grid spacing in a computational simulation were
reduced by a factor of 2, then for a fifth-order scheme the numerical
error should be reduced by a factor proportional to 25. To reduce
numerical errors to a comparable level using a second-order scheme
would require a corresponding reduction in grid spacing of
2�5�2� � 8. In three dimensions these estimates would dictate that a
factor of 83 � 512 times finer gridwould be required. Considerations
such as this clearly demonstrate the potential advantages inherent in
the use of higher order schemes.

Higher order compact difference schemes [1–3] have been applied
to simple geometries and have been useful in developing a theoretical
understanding of these complex flows, but these algorithms are only
rarely applied to full aircraft-type geometries [4] because of the
difficulties in grid generation and solver numerical stability. The grid
metrics and volumes used in finite difference codes must be
compatible with the differencing scheme used for the viscous and
inviscid fluxes within the code or the resulting algorithm will not
satisfy the geometric conservation law property of [5]. If compact
differences are used to obtain higher order accuracy for the inviscid
fluxes, then the gridmetrics and volumesmust also be evaluatedwith
higher order accurate compact differences. All of the numerical
differences appearing in the viscous terms, species equations, and
turbulent transport equations must also be performed with higher
order accurate compact differencing to be compatible with the grid
metrics and volumes. All boundaries must also include the
appropriate higher order compact formulation or the order of the
scheme will be degraded. Overset flow solvers must also include
special logic to change the numerical stencil at hole boundaries
(points removed from the active computational domain) to assure
that only valid field and fringe points are included in the flux
reconstruction. Thus it is not a trivial exercise to add higher order
compact differencing to an existing code. In addition, central
difference compact schemes have very little built in numerical
dissipation and as such are unsuited for use on problems with
discontinuities without the addition of ad hoc smoothing or filtering
schemes which have to be tuned by hand for each new application of
the scheme.

Higher order inviscid fluxes can also be obtained by using finite
difference versions of essentially nonoscillatory (ENO) [6] and
weighted essentially nonoscillatory (WENO) [7,8] algorithms. In the
ENO approach, uniformly higher order accuracy is achieved by
using several different upwind biased candidate stencils of the
desired order of accuracy, whereas the nonoscillatory nature of the
scheme is ensured by selecting the single stencil for which the
interpolating polynomial reconstructed from the nodal values is
smoothest in some appropriate sense. In this manner the method
avoids interpolating across discontinuities and the resulting
overshoots and oscillations which typically result when using
higher order schemes in the presence of discontinuities. Thus, the
ENO scheme is highly nonlinear and data dependent. The next
advance in this line of algorithms came with the development of the
WENO family of numerical schemes. Liu et al. [7] observed that a
convex combination of all of the rth order candidate stencils used in
the ENO scheme can be used to create an �r� 1� order WENO
scheme. Smoothness indicators are used to set to zero the weight of
any stencil that contains a discontinuity. Jiang and Shu [8] developed
a set of optimal weights such that a (2r � 1)th order scheme could be
constructed. The ENO and WENO schemes are both robust and
accurate. When ENO andWENO schemes are used to solve systems
of equations both methods make use of upwinding in characteristic
fields and require a large number of projections (equal to the width of
the total stencil) onto the left and right eigenvectors of the flux
Jacobians at each grid half-node. These schemes require
substantially more floating point operations to construct the
numerical flux functions than their more traditional counterparts.

In thiswork theWENOmethodology is used to increase the spatial
order of variable extrapolation to the grid half-nodes with an upwind
flux reconstruction algorithm in a form analogous to monotone
upstream-centered schemes for conservation laws (MUSCL) [9].
The final inviscid flux contribution to the residual is calculated from
the central difference of the reconstructed flux at the half-nodes, so
second-order central difference grid metrics and volumes are
compatible with this approach and sufficient to ensure that geometric
conservation is preserved. The approach adopted in this work can
easily be added to any finite difference flow solver that makes use of
the MUSCL framework without the need for extensive code
modifications.

In this study it is assumed that second-order terms are sufficient to
accurately capture the viscous term contribution. This may not be the
case for all flows and is left for a topic of future study. De Rango and
Zingg [10] demonstrated that using lower order convective flux
formulations for transport-type turbulencemodels does not affect the
accuracy of the flow solver when higher order methods are used for
the inviscidfluxes.Hence the transport turbulencemodels in the code
were not modified in this study. An option to use the fifth-order
WENO schemes for the convection terms of the species equations
was added to the code. All boundary conditions with the exception of
interpolated boundaries, overlap boundaries, and symmetry planes
are treated using the existingfirst-order approximations. The primary
goal of this effort is to develop a robust and accurate low numerical
dissipation algorithm that can be used in conjunction with complex
geometries and existing hybrid Reynolds averaged Navier–Stokes/
large eddy simulation (hybrid RANS/LES) turbulence models for
unsteady flow simulations.

Theory

HLLC Scheme

Nichols et al. [11] recently incorporated a Harten, Lax, and
van Leer contact (HLLC) [12] inviscid flux scheme into the
OVERFLOW 2 structured grid overset flow solver. The HLLC [12]
scheme is an approximate Riemann solver based on the HLL [13]
methodology. The HLL methodology divides the Riemann fan into
four regions separated by the fastest left (SL) and right (SR) running
waves and a contact discontinuity (SM) as shown in Fig. 1. The
resulting numerical flux is given by

FHLLC
LR �

8>><
>>:

FL if SL > 0

F�L if SL � 0 � SM
F�R if SM � 0 � SR
FR if SR < 0

(1)

Here F is the flux at a given face for one-dimensional flow by

F�
�U

�U2 � p
�UH0 � p

2
4

3
5 (2)

The left (FL) and right (FR) fluxes are based on the left (QL) and right
(QR) state variables. The intermediate state variables (denoted by *)
are obtained from the Rankine–Hugonoit relations [14]

Fig. 1 Simplified Riemann fan for the HLLC scheme.
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�SL � UL���U�L � �p� � pL�
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Q�R �
��R

��U��R
��E��R

2
64

3
75

� 1

SR � SM

�SR � UR��R
�SR � UR���U�R � �p� � pR�
�SR � UR���E�R � pRUR � p�SM

2
64

3
75 (4)

The resulting intermediate fluxes are given by

F�L � F�Q�L� �
SM�

�
L

SM��U��L � p�
SM���E��L � p��

2
4

3
5 (5)

F�R � F�Q�R� �
SM�

�
R

SM��U��R � p�
SM���E��R � p��

2
4

3
5 (6)

where

p� � �L�UL � SL��UL � SM� � pL
� �R�UR � SR��UR � SM� � pR (7)

The intermediate signal velocity (see Fig. 1) is given by

SM �
�RUR�SR � UR� � �LUL�SL � UL� � pL � pR

�R�SR � UR� � �L�SL � UL�
(8)

The signal velocities SL and SR (see Fig. 1) are defined based on Roe
averaged quantities following Einfeldt [15]

SL �min�UL � cL; ÛL � ĉL� (9)

SR �min�UR � cR; ÛR � ĉR� (10)

The flux difference at node i is then given by Fi � Fi�1. The HLLC
scheme has many nice features including the following:

1) exact preservation of isolated shock, contact, and shear waves;
2) positivity preserving for scalar quantities;
3) enforcement of the entropy condition;
4) no detailed knowledge of the eigenstructure of theflux-Jacobian

matrices required for flux reconstruction;
5) easily extendable to any passively advected scalar.
The conserved variables ��; �u; �v; �w; �e0� are stored at the

nodes (i) in OVERFLOW 2. The HLLC scheme requires flow
variable information at the half-nodes (i � 1=2, i� 1=2) to construct
the contribution of the inviscid fluxes to the residual. The half-node
information is currently obtained using a MUSCL interpolation
scheme. The primitive variables �p; u; v; w; T� at the nodes are
interpolated to the half-node using the MUSCL scheme to obtain
first-, second-, or third-order spatial approximations of the primitive
variables. OVERFLOW 2 currently has three flux limiter choices to
suppress spurious oscillations during the solution process.

WENO

Interpolating flow variables using a fifth-order spatialWENO [16]
rather than a third-order spatialMUSCL scheme provides a relatively

inexpensivemeans to achieve a higher order numerical capability for
the inviscid fluxes. Here the primitive variables �p; u; v; w; T� are
interpolated to the grid half-nodes using the WENO scheme. The
weighting in the WENO scheme serves to provide limiting to
suppress spurious oscillations during the solution process. Using the
WENO scheme in this way avoids expensive projections onto
characteristic states associated with most WENO formulations. A
somewhat similar approach has been developed by Shen et al. [17] in
conjunction with a Roe flux difference scheme.

The formulation of the WENO interpolation used in this study
follows that of Henrick et al. [18] and Merriman [19]. The WENO
methodology views the fifth-order approximation of a function as
being built from a convex combination of three third-order
approximations as shown in Fig. 2. The fifth-order left and right
interpolated variables are then written as

q̂ L
i�1

2

�wL0 q̂L0i�1
2

�wL1 q̂L1i�1
2

�wL2 q̂L2i�1
2

(11)

q̂ R
i�1

2

� wR0 q̂R0i�1
2

� wR1 q̂R1i�1
2

� wR2 q̂R2i�1
2

(12)

The third-order approximations are constructed from the variables at
the nodes as

q̂L0
i�1

2

� 1
3
qi�2 � 7

6
qi�1 � 11

6
qi

q̂L1
i�1

2

��1
6
qi�1 � 5

6
qi � 1

3
qi�1

q̂L2
i�1

2

� 1
3
qi � 5

6
qi�1 � 1

6
qi�2

(13)

q̂R0
i�1

2

� 1
3
qi�3 � 7

6
qi�2 � 11

6
qi�1

q̂R1
i�1

2

��1
6
qi�2 � 5

6
qi�1 � 1

3
qi

q̂R2
i�1

2

� 1
3
qi�1 � 5

6
qi � 1

6
qi�1

(14)

For relatively smooth regions of the flow the normalized modified
weights (wk) should return to the optimal weight values (�k). The
optimalweights �0, �1, and �2 forfifth-order in space are given as 0.1,
0.6, and 0.3, respectively. The optimal values yield a true fifth-order
algorithm with low numerical dissipation, so it is desirable that the
modified weights approach the optimal values except in regions of
large discontinuities. Deviations from the ideal values cause the
numerical dissipation to increase to provide numerical stability. The
normalized modified weights are constructed using smoothness
indicators �k such that weights from those stencils with large
variations are minimized, whereas weights from stencils in smooth
regions approach the optimal values (�k). The smoothness indicators
for the left and right states are given by [7]

�L0 �
13

12
�qi�2 � 2qi�1 � qi�2 �

1

4
�qi�2 � 4qi�1 � 3qi�2

�L1 �
13

12
�qi�1 � 2qi � qi�1�2 �

1

4
�qi�1 � qi�1�2

�L2 �
13

12
�qi � 2qi�1 � qi�2�2 �

1

4
�3qi � 4qi�1 � qi�2�2

(15)

Fig. 2 Stencil for fifth-order WENO.
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�R0 �
13

12
�qi�3 � 2qi�2 � qi�1�2 �

1

4
�qi�3 � 4qi�2 � 3qi�1�2

�R1 �
13

12
�qi�2 � 2qi�1 � qi�2 �

1

4
�qi�2 � qi�2

�R2 �
13

12
�qi�1 � 2qi � qi�1�2 �

1

4
�3qi�1 � 4qi � qi�1�2

(16)

The modified weights are given by

~w k �
�k

�"� �k�2
(17)

Here " is a small number to avoid dividing by zero and is taken as
1:0 	 10�6 in this study. Finally the modified weights are
renormalized by

wk �
~wkP

2
j�0 ~wj

(18)

This interpolation scheme is referred to as WENO in this paper.

Mapped WENO

Recently it has been shown that the WENO scheme is only third
order accurate at critical points. Henrick et al. [18] developed a
mapping technique to modify the weighting near critical points to
maintain fifth order everywhere. The mapped weights are given by

gk �
wk��k � �2k � 3�kwk �w2

k�
�2k � wk�1 � 2�k�

(19)

The mapped weights are then renormalized with Eq. (18). The
modified weights in Eqs. (11) and (12) are replaced with the mapped
weights in this scheme. The mapped weights as a function of the
modified weights for each of the ideal weights are shown in Fig. 3.
The mapping causes the mapped weights (gk) to approach the ideal
weights (�k) for a wide range of modified weights (wk). Thus the
mapped WENO scheme maintains fifth-order accuracy for a larger
region of the flow than the traditional WENO interpolation. This
scheme will be referred to as WENOM.

Overset Grid Implementation of WENO and WENOM

The WENO and WENOM schemes must be modified to
accommodate overset grids for implementation in OVERFLOW 2.
Here we briefly review elements of the overset mesh methodology
relevant to thework performed in this effort. Formore information on
overset mesh technology see the review article by Meakin [20] and
references therein. Overset solvers divide points into three categories
denoted by the value of an integer IBLANK array:

1) field points on which the flow solution is desired
(IBLANK� 1);

2) hole points that lie inside of bodies and are not of interest in the
solution (IBLANK� 0);

3) fringe points on which interpolated information is passed from
one domain to another (IBLANK��1).

The IBLANK array is used to exclude hole points from
contributing to the solution in OVERFLOW2 and also to prevent the
implicit updating of the solution at fringe points. The WENO and
WENOM schemes require a seven point stencil to create the fifth-
order spatial flux. Thus three interpolation points (triple fringe) are
required to support the fifth-order flux at interpolation boundaries.
Traditional second- and third-order spatial methods use a five point
stencil requiring two interpolation points (double fringe) at
interpolation boundaries.Most existing overset flow solvers and grid
assembly codes only support double fringe methods at this time. It is
desirable that the WENO and WENOM algorithms degrade spatial
accuracy gracefully if triple fringe boundaries are not available. To
aid in this transition, functions IB2 and IB3 are defined as

IB2Li � ABS�IBLANKi�1 � IBLANKi � IBLANKi�1�
IB3Li � IB2Li � ABS�IBLANKi�2 � IBLANKi�2�

(20)

Equation (20) yields IB2Li � 1 if all the points are field or fringe
points, and 0 if any of the points is a hole point or off the edge of the
computational domain. Similarly, IB3Li � 1 if points (i � 2, i� 1, i,
i� 1, i� 2) are all field or fringe points, and 0 otherwise. These
blanking values are incorporated into the WENO weights as

wL0i � wL0i � IB3Li
wL1i �wL1i � IB3Li � �1 � IB3Li � � IB2Li � ri
wL2i �wL2i � IB3Li

(21)

where ri is the van Albada [21] flux limiter. Thus the half-node
approximation of theflux isfifth order if all of the IB3Li are 1. If either
or both IB2Li�1 and IB2

L
i�1 are 0 and IB2

L
i is 1 the flux approximation

drops to third order with the van Albada flux limiter. Otherwise, the
flux approximation drops to first order if IB2Li is 0. The final
approximation at the half-node is then given by

q̂ L
i�1

2

� qi �wL0i�q̂L0i�1
2

� qi� � wL1i�q̂L1i�1
2

� qi� �wL2i�q̂L2i�1
2

� qi�
(22)

where a factor of qi has been added in and then subtracted from each
of the third-order approximations to ensure that the scheme reverts to
first order in the case when all of the weights have been set to zero.
The IBLANKING used for the right values is similarly done using
IBLANK values from nodes (i � 1, i, i� 1, i� 2, and i� 3).

The grid assembly code included in OVERFLOW2was modified
to allow triple fringe overset boundaries for both inner and outer
grids. The automatic grid decomposition routines used for load
balancing for parallel runswere alsomodified to produce triple fringe
overset boundaries if the WENO or WENOM flux schemes are
selected for that grid. The code currently uses second-order spatial
trilinear interpolation to update overset boundary points.

Computational Cost

OVERFLOW 2 contains six different implicit solvers and seven
different inviscid flux schemes. The fastest implicit solver is the
diagonalized implicit solution algorithm of Pulliam and Chaussee
[22]. The most robust and also the slowest implicit solver is the
unfactored symmetric successive overrelaxation (SSOR) implicit
algorithm of Nichols et al. [11]. The fastest inviscid flux scheme is
the second-order spatial central difference scheme with scalar
dissipation. The HLLC, WENO, and WENOM schemes are
compared to the central difference as a measure of computational
cost per time step for the fastest and slowest implicit schemes in the
code in Table 1. The timings are shown for computations on a
101 	 101 	 101 grid using a Pentium 4 processor with only 512mbFig. 3 Mapping function for WENO weights.
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of cache. The additional cost of both WENO algorithms is not
prohibitive for production applications. Both of the WENO
algorithms were found to have similar convergence behavior and
numerical stability as the third-order spatial HLLC scheme for the
examples shown here.

Results

Inviscid Isentropic Vortex Convection

The ability to conserve both the vortex shape and strength is
important in many unsteady cases in which a shed vortex interacts
with bodies well downstream of the vortex origin. The following test
case [23] can be used to examine the relative level of numerical
dissipation and dispersion for inviscid flux algorithms. An isentropic
vortex of nondimensional strength �� 5 is centered on a uniform
grid of size 10 units by 10 units. Four grids will be used for most of
the results presented here: 101 	 101 (�x� 0:1), 81 	 81
(�x� 0:125), 61 	 61 (�x� 0:167), and 41 	 41 (�x� 0:25).
The vortex is allowed to convect downstream at a freestream Mach
number of 0.5 with a nondimensional time step 
dt�U1=LRef�� of
0.01. The velocity, temperature, density, and pressure for the vortex
are given by

u� u1 �
�

2�
�z� z0� exp
0:5�1 � �R2��

w� �

2�
�x � x0� exp
0:5�1 � �R2��

T � T1 �
�� � 1��2

8��
exp�1 � �R2� �� T 1

��1 p� ��

(25)

where �R2 � �x � x0�2 � �z � z0�2 and x0 and z0 define the location
of the vortex center at any given point in time. Here � is the ration of
specific heats. The grid is given periodic boundary conditions in the
flow direction. The vortex should complete one cycle on the grid
every 1000 time steps. All calculations used second-order time and
threeNewton subiterations. The vortex is allowed to convect through
the grid 100 times. Most previous studies only allow the vortex to
completefive passes through the grid, so this is amuchmore rigorous
evaluation of the inviscid flux algorithms.

Grid size effects for uniform meshes are shown in Fig. 4. The
WENOM does an excellent job of maintaining the vortex for the
101 	 101 and 81 	 81 uniform grids, and produces a good result for
the 61 	 61 grid. The WENOM results are equivalent to the WENO
results on the next finer mesh indicating that the mapping provides a
less numerically dissipative scheme. The third-order results show
excessive dissipation even for the 101 	 101 grid. Pressure contours
after 100 passes through the grid are shown in Fig. 5 for the fifth-
order WENOM on four levels of Cartesian grids. The vortex is
preserved for the 101 	 101, 81 	 81, and 61 	 61 grids. The vortex
cannot be found on the 41 	 41 grid.

The error in pressure is defined as

error � jpmin � pmin theoreticalj
pmin theoretical

(26)

The error is calculated after five passes through a given grid. The
minimum pressure tends to oscillate slightly as the center of the
vortex moves between nodes as it is convected downstream. The
minimum pressure is averaged over the last 100 time steps to remove

this oscillation. The error can be used to asses the spatial order of the
flux algorithms used in this study. The results for all three algorithms
are shown in Fig. 6. The slope of the HLLC curve in Fig. 6 indicates
that algorithm is approximately third order in space. TheWENO and
WENOM curves both indicate that the algorithms are of
approximately fifth order in space. The absolute error of the
WENOM algorithm is less than that of the WENO algorithm for the
same grid.

Table 1 Computational cost relative to a second-order spatial

central difference scheme with scalar dissipation

Implicit solution algorithm Flux scheme Relative cost

Diagonalized [22] HLLC 5%
Diagonalized [22] WENO 20%
Diagonalized [22] WENOM 35%
SSOR [11] HLLC 4%
SSOR [11] WENO 12%
SSOR [11] WENOM 19%

Fig. 4 a) Effect of grid size on theminimumpressure for the convecting

vortex using the fifth-order HLLC withWENO. b) Effect of grid size on

theminimumpressure for the convecting vortex using fifth-order HLLC
with WENOM. c) Effect of grid size on the minimum pressure for the

convecting vortex using third-order HLLC with the minmod limiter.
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Two skewed grids (non-Cartesian) were generated with 81 	 81
and 101 	 101 grid points. The minimum pressure for both grids is
shown in Fig. 7. The skewed grid causes the vortex to dissipate more
rapidly than theCartesian grid for both of theWENOalgorithms. The
third-order HLLC scheme is almost unaffected by the skewness of
the grid and again shows excessive dissipation of the vortex. The
vortex shows little dissipation for the 101 	 101 grid forWENO and
WENOM. TheWENO algorithm produces a reasonable solution for
the 81 	 18 grid also. The WENOM algorithm produces a low
pressure and density in the core of the vortex for the 81 	 18 grid.
This nonphysical result can be seen in the pressure contours after 100
passes through the grid in Fig. 8.

The 81 	 81 uniform grid was decomposed into two grids: an
81 	 81 outer grid and an 61 	 61 inner grid. The center of the outer
grid was blanked out and aligned (point-matched) interpolation
boundaries were identified. Triple (TF), double (DF), and single (SF)
fringe interpolations were evaluated. This simulation required the
vortex to cross two interpolation boundaries for each cycle through
the grid and is a stringent test of the overset boundary capability.

Results are shown in Fig. 9. The triple fringe point aligned WENO
and WENOM solutions are seen to agree with the single grid
solutions shown in Fig. 4. Reducing to single or double fringe is seen
to increase the dissipation of the vortex with WENO and WENOM.
TheWENO andWENOM double fringe solution is still much better
than the third-order HLLC with double fringe.

A nonaligned 61 	 61 inner grid (points not coincident with the
outer grid) with a triple fringe interpolation stencil is shown in
Fig. 10. This grid system was used to evaluate whether the trilinear
interpolation (second order in space) used in OVERFLOW 2 would
be adequate for these higher order schemes. The triple fringe solution
shown in Fig. 11 is seen to produce more dissipation of the vortex
than the double fringe solution on the aligned grids for both WENO
and WENOM shown in Fig. 8. Both of the WENO schemes still
produce better results than the third-order HLLC scheme. This
indicates that a higher order interpolation method [24] is required to
maintain the high-order accuracy for the fifth-order schemes for
nonaligned overlap boundaries.

Fig. 5 Pressure contours for the convecting vortex after 100 passes through the grid using the fifth-order HLLC with WENOM.

Fig. 6 Error in density after five passes through the grid.
Fig. 7 Minimum pressure for the convecting vortex using WENO and

WENOM showing skewed grid effect.
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Hypersonic Cylinder Bow Shock

The hypersonic bow shock experimental data of Holden et al. [25]
provide a good test of the ability of the numerical schemes to capture
extremely strong shocks and to predict heat transfer at high speeds.
The experiment was run at a freestream Mach number of 16.01, a
Reynolds number (based on a cylinder diameter) of 9:11 	 104, a
freestream temperature of 77.8�R, and a wall temperature of 540�R.
The nitrogen testmedium can still be considered a perfect gas at these
conditions. The flow over the 3-in. diam cylinder is laminar for this
case. The computational grid was 161 	 141 with a wall spacing
corresponding to the y� value of 0.1. This case has a temperature
ratio across the shock of about 50 and a pressure ratio across the
shock of about 300.

The flowfield was initialized with a single time step at a freestream
Mach number of 0.8. This transonic solution was then scaled to a
freestream Mach number of 16.01. This provided a small region of
subsonic flow at the nose of the cylinder so that the shock could form
and push away from the body. Two levels of grid sequencing were

used to set up the flowfield (299 iterations on the coarse level and 100
iterations on the midlevel). The case was run time accurately with a
time step of 3:6 	 10�6 s. Five Newton subiterations were used at
each time step with all of the inviscid flux algorithms.

The surface pressure coefficient is shown in Fig. 12. All of the flux
schemes compare well with modified Newtonian theory. Predicted
heat transfer is compared to data in Fig. 13. All three flux algorithms
do an excellent job in predicting themagnitude of the heat transfer for
this case. The L2 normof the residuals is shown in Fig. 14a.All of the
algorithms have a similar convergence behavior and plateau after
about 850 time steps. Finally the drag coefficient convergence

Fig. 8 Pressure contours after 100 passes through the grid for the skewed grids.

Fig. 9 Minimum pressure for the convecting vortex showing overset

interpolation effects for point aligned grids.

Fig. 10 Grid system for nonaligned overset computations for the

convecting vortex.
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history is shown in Fig. 14b. All of the flux schemes converge to the
same drag coefficient after about 500 time steps.

Weapons Internal Carriage and Separation L=D� 4:5 Bay

Unsteady computations for the weapons internal carriage and
separation (WICS) [26] L=D� 4:5 bay were performed for M�
0:95 and Re� 2:5 	 106=ft. The weapons bay was 18 in. long, 4 in.
wide, and 4 in. deep. The bay was located behind a 15-in. flat plate in
the experimental configuration. The computational geometry was a

flat plate that extended 15 in. upstream of the bay to match the
experimental geometry and 25 in. downstream of the bay. The sides
of the computational grid extended 50 in. on either side of the bay
centerline. The full bay geometry was modeled using wall functions
[27]. The entire computational grid had 1:5 	 106 points, and 3:2 	
105 points were used to discretize the bay. The wall spacing was
chosen as 0.0075 in., which corresponds to a y� of 50 on the
upstream plate. The wall spacing inside the bay was set to 0.075 in.
The larger wall spacing may be used inside the bay because the wall
shear stress is much lower there. The overset grid system was
generated to provide triple fringe point aligned interpolation
boundaries to maintain the fifth-order accuracy throughout the
computational domain for the WENO and WENOM solutions.
Double fringe point aligned interpolation boundaries were used for
the third-order HLLC solution.

The Spalart–Allmaras detached eddy simulation [28] hybrid
RANS/LES turbulence model was used in this study. The
calculations were run 12,000 iterations and the final 8192 time steps
were statistically analyzed. The equations were solved implicitly
using the unfactored SSOR solver in OVERFLOW 2. A time
accurate solutionwas obtained using second-order time differencing.
Three Newton subiterations were used to locally converge the
solution at each time step. All calculations were performed using the
1:6 	 10�5 s time step that was shown to be adequate for time
accuracy in [29].

Time-averaged Mach number contours with velocity vectors are
shown on the symmetry plane in Fig. 15 for the WENOM solutions.
The time-averaged flow has a large vortex in the front half of the bay
and a smaller vortex near the backwall. The location of the K12 and
K18 pressure transducers are also shown in Fig. 16. The time-
averaged pressure coefficient on theWICS bay ceiling and backwall

Fig. 11 Minimum pressure for the convecting vortex showing overset
interpolation effects for point nonaligned grids.

Fig. 12 Pressure coefficient for the Holden bow shock test case on the

fine wall spacing grid.

Fig. 13 Heat transfer for theHoldenbow shock test case on thefinewall

spacing grid.

Fig. 14 a) L2 norm of the residual for the Holden bow shock test case;
b) drag coefficient convergence for the Holden bow shock test case.
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is shown in Fig. 16. Both of the fifth-order results are in better
agreement with the data than the third-order solution. The overall
sound pressure level (OASPL) on the ceiling and backwall is shown
in Fig. 17. Again both the third- and fifth-order results are in
reasonable agreement with the data. Spectral results for the K12 and
K18 transducer locations are shown in Fig. 18. TheK18 transducer is
in a dynamic region of the flow because of its proximity to the shear
layer above the bay. Seven data windows of 2048 samples were
averaged to produce the spectra that are presented. The error [28] in
theOASPL (defined as the difference of the individual window result
and the averaged result divided by the averaged result) was less than
1%. Both the third- and fifth-order results are in good agreement with
the data for thefirst two spectral peaks for theK18 location. Thefifth-
order result continues to predict the proper acoustic level throughout

the entire measured frequency range while the third-order solution
begins to roll off at about 1500 Hz for the K12 transducer. This
improved frequencymatching indicates that the fifth-order scheme is
resolving much smaller turbulent scales than the third-order
algorithm on the same computational grid.

Wing Tip Vortex

Laser-velocimeter measurements were made in the near-field
region of the wing tip in [30]. The experimental setup is shown in
Fig. 19 and consisted of a NACA 0012 wing with a rounded tip
attached to a wind-tunnel wall. The wing had a 4 ft chord (Ch) and a
3 ft semispan (b). The freestream velocity was 170 ft=s, the angle of
attack was 10 deg, and the Reynolds number based on the chord was
4 	 106.

The computational grid included the tunnel and the airfoil. An
overset grid system of seven grids composed of 5:8 	 106 points was
used in this study. The first point off the wall was set to y� � 1 on the
wing and on the tunnel wall that supports the wing. Wall functions
[25] were used for the other three tunnel walls and the first point off
the wall was set to y� � 50. A triple fringe interpolation boundary
was used to allow the full 7 point stencil for theWENO schemes to be
maintained across interpolated computational boundaries. Tradi-
tional double fringe boundaries were usedwith the third-order HLLC
scheme. A Cartesian grid was used in the tip vortex region to locally
refine the grid system. This grid used the recommended spacings
from [30] (�x� 0:01Ch,�y� 0:005Ch, and�z� 0:005Ch) in the
vortex region. A cross section of the grid in the tip region is shown in
Fig. 20.

Fig. 15 Time-averaged Mach number contours on the WICS bay

symmetry plane.

Fig. 16 a) Time-averaged pressure coefficient on theWICSbay ceiling;

b) time-averaged pressure coefficient on the WICS bay backwall.

Fig. 17 a) Overall sound pressure level for the WICS bay ceiling;

b) overall sound pressure level for the WICS bay backwall.
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The baseline Baldwin–Barth turbulence model was found to
provide too much eddy viscosity in the vortex core and overdamped
the vortex in [30]. Both the Baldwin–Barth and the Spalart–Allmaras
one-equation turbulence models use a turbulence production term of
the form

P� ~�� � Cb1 ~�� (27)

where Cb1 is a constant, ~� is the turbulence variable, and � is the
vorticity magnitude. The vorticity reaches a local maximum in the
core of a vortex, and hence the eddy viscosity increases rapidly.
Dacles-Mariani et al. [30] suggested the production term be replaced

by

P� ~�� � Cb1 ~�
�� Cvor min�0; St ���� (28)

where St is the magnitude of the strain. The strain goes to zero in the
core of a vortex, so Eq. (28) converts the production term to a
dissipation term in the vortex core if Cvor is greater than 1. Dacles-
Mariani et al. [30] recommendedCvor � 2. Shur et al. [31] presented
a similar rotation and curvature correction to the Spalart–Allmaras
turbulence model that is also based on vorticity and strain rates. The
Ref. [31] correction, designated as the Spalart–Allmaras rotation and
curvature (SARC) model by the authors, was used in this study. The
modified form of the production term has almost no effect in
boundary layers and shear layers because the magnitude of the strain
and the magnitude of the vorticity are almost equal for these flows
and the correction term goes to zero.

The equations were solved implicitly using the unfactored SSOR
solver. A time accurate solution was obtained using second-order
time differencing. Three Newton subiterations were used to locally
converge the solution at each time step. The time step was chosen to
be 0.006 s. Low Mach number preconditioning was not used in this
study. Solution convergence was judged based on the forces on the
wing and normally required about 2500 iterations.

Axial velocity contours using the WENOM inviscid fluxes are
shown in Fig. 21. A vorticity isosurface using the WENOM inviscid
fluxes is shown in Fig. 22. The wing tip vortex is shown to be well
defined and persistent in the near field.

Fig. 18 a) Sound pressure level spectrum for the K12 transducer
location for theWICS bay; b) sound pressure level spectrum for the K18

transducer location for the WICS bay.

Fig. 19 Experimental geometry.

Fig. 20 Computational grid in the tip region.

Fig. 21 Axial velocity contours.

Fig. 22 Vorticity isosurface.
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The pressure coefficients and the axial velocity in the core of the
vortex for each of the turbulence models and each of the flux
algorithms are shown in Figs. 23 and 24 respectively. Both quantities
are underpredicted using the HLLC flux algorithm, whereas both of
the WENO schemes are in better agreement with the data. The
tangential velocity at x=Ch� 1:2 is shown in Fig. 25. Again the
HLLC scheme has overdamped the vortex while both WENO
schemes are in good agreement with the data. The current grid has 11

points across the viscous core of the vortex ( �R=Ch< 0:03).

Inclined Ogive Cylinder

The simulation of turbulent crossflow separation about slender
bodies at high angle of attack has been challenging for computational
fluid dynamics methods. Traditional RANS turbulence models
produce excessive eddy viscosity in the core of the crossflowvortices
and overdamp the solutions. The experimental data of Lamont [32]
have been used to study this problem in [33,34]. The geometry
consisted of a two diameter tangent-ogive nose mounted on a 6-in.
diam cylindrical forebody. Surface pressure measurements were
obtained on the body for a range of angles of attack and Reynolds
numbers. The test condition used in the simulations conducted here
was a freestream Mach number of 0.2, an angle of attack of 20 deg,
and a Reynolds number based on a cylinder diameter of 4:0 	 106.
Comparisonswill bemade to surface pressure data at x=D� 5 and 6.

A grid refinement studywas conducted in [33]. The computational
grid for the half-body used here had 151 points axially, 91 points
circumferentially (2 deg increment), and 121 points in the normal
direction. The wall spacing was 1:0 	 10�5 diameters (y� � 2) and
the grid had 101 normal points in the boundary layer and vortex
region. The grid used in this study is slightly finer than the grid
independent fine mesh used in [33]. The time step was chosen to be
�t� 0:114 s. Low Mach number preconditioning was not used in
this study. The SARC [31] turbulence model was used. Solution
convergence was judged based on the forces on the forebody and
normally required about 1000 iterations. All cases were run time
accurately and all solutions achieved a steady-state solution.

Streak lines on the surface of the forebody are shown along with
pressure coefficient contours in Fig. 26. The separation lines for the
primary and secondary vortices are clearly evident. Vorticity
magnitude contours at x=D� 5 and 6 are shown in Fig. 27 for the
HLLC and WENOM flux algorithms using the SARC turbulence
model. The vortex is resolved with about 11 points across the vortex
for the WENOM algorithm at both locations. The HLLC algorithm
produces lower peak vorticity at both locations than the WENOM
algorithm. The surface pressure distributions for the HLLC and
WENOM flux algorithms and for the SARC turbulence model are
shown for x=D� 5 and x=D� 6 in Fig. 28. The experimental
surface pressure measurements are consistently higher than the
predictions on the windward side of the body. Similar trends have
been seen in other studies including [32,33]. Degani et al. [34] noted
that “. . . this is the result of the high-angle-of-attack flow condition,
inwhich thewindwardflowwas directed into the pressure taps.”This
causes themeasured pressures on thewindward side to be higher than
the actual static pressure. The WENO and WENOM results are
almost indistinguishable and provide better agreement with the data
on the leeward side for both flux algorithms at both locations. The
pressure coefficient in the vortex core is shown in Fig. 29. The
WENO and WENOM algorithms are similar and predict a pressure
coefficient magnitude that is about 50% higher than the HLLC
algorithm.

Conclusions

Two fifth-order spatialWENO schemes for convected fluxes were
evaluated in the OVERFLOW 2 code. The schemes improved
solution quality over a third-order spatial HLLC scheme. The

Fig. 23 Pressure coefficient in the vortex core.

Fig. 24 Axial velocity in the vortex core.

Fig. 25 Tangential velocity at x=c� 1:2.

Fig. 26 Surface streak lines and pressure coefficient contours for the

forebody.
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improved spatial resolution and reduced numerical dissipation
allowed disturbances to be propagated for longer distances. Both
WENO schemes were found to be as numerically stable as the
extremely robust third-order spatial HLLC scheme. Both WENO
schemes performed well in the presence of extremely strong shocks
and for highly unsteady flow simulations.

The WENO scheme worked well on all combinations of grids
tested here. The WENOM scheme produced better results than the

WENOschemeonCartesian grids, but produced an unphysical result
on an underresolved smoothly skewed grid for the convected vortex
case. Some form of correction for non-Cartesian grids is probably
required for the WENOM scheme.

Both of the fifth-order spatial WENO schemes performed better
than the third-order spatial HLLC scheme on the two three-
dimensional problems examined here. The WENO schemes
provided better agreement with data over a larger frequency range for
the unsteady bay problem. TheWENO schemes also provided much
better agreement for the near-field wing tip vortex velocities and for
the pressure coefficient on the tangent-ogive forebody using the same
computational grid.

The WENO schemes and the triple fringe grid assembly routines
have been included in the production release of OVERFLOW 2.1.
The current trilinear interpolation used to generate the interpolated
values at noninjected overlap points was shown to cause degradation
in the order of accuracy of the solution for the vortex convection
case. A higher order interpolation scheme is required to remove this
error. This is left as an area for future work. Possible improvements
from higher order viscous terms should also be investigated in the
future.
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Fig. 27 Vorticity magnitude contours for the forebody with the SARC turbulence model.

Fig. 28 a) Pressure coefficient for the forebody with the SARC

turbulence model at x=D� 5; b) pressure coefficient for the forebody

with the SARC turbulence model at x=D� 6.

Fig. 29 Pressure coefficient in the vortex core for the forebody with the

SARC turbulence model.
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